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Abstract

We show that specific reproducing kernels allow any kernel machine to operate on time-frequency repre-
sentations. We also propose a method, based on the kernel-target alignment, for selecting or combining
time-frequency distributions to achieve improvements in classification performance. All these links of-
fer new perspectives in the field of non-stationary signal analysis since they provide an access to the
most recent methodological and theoretical developments of pattern recognition and statistical learning
theory:.

Kernel Machines

Classical pattern recognition methods : Given a training set A, = {(z;,y;)}i=1. n and a
function space H, find the function ¢*(-) € H that minimizes a regularized cost function of the form

J((CL‘l, Y1, ¢<$1)>, R (xna Yn, %b(fn))) + g(”¢”%—()7 (1>

with g(-) a monotone increasing function on IR4. Examples of cost functions include the maximum

output variance for PCA, the maximum margin for SVM, and the maximum Fisher criterion for
FDA.

Kernel machines : The hypothesis space ‘H is a reproducing kernel Hilbert space.

Positive definite kernel : A kernel x(z;, z;) is said to be positive definite on X C Lo(C) if the

following is true, for alln € N, z{,...,xp, € X, and aq,...,a, € C:
n n
S: S:CLZ' a; n(xi,a:j) > 0.
i=1 j=1

Reproducing kernel : Let (H, (-, -)24) be a Hilbert space of functions from X to C. The function
K(z;,2;) from X x X to C is the reproducing kernel of H if, and only if,

e the function kg, : 7 — ky,(7) = k(2 2;) is in H, for all z; € &;
o (x;) = (U(-), ke, ()7, for all z; € X and ¢ € 'H.

Reproducing kernel Hilbert space : Every positive definite kernel is the reproducing kernel of
a unique Hilbert space of tunctions from X to C, called reproducing kernel Hilbert space. Recipro-
cally, every reproducing kernel is a positive definite kernel.

The kernel Trick : Replacing ¥(-) by kz,(+), we obtain for all z;, x; € X
(2, m5) = (K (+), Bz (1)) 1
The representer theorem : Any function ¢)*(-) of H minimizing the regularized cost function (1)

can be expressed as a kernel expansion in terms of available data

n

Wia) =) af wla, ).

1=1

Applications of this theorem include SVM, kernel-PCA and kernel-FDA.

Kernel-Target Alignment
The alignment criterion : The alignment of kernels k1 and k9 is defined as follows
(K1, Ko)
VK K1) p (Ko, Ko) F

where (-, -) g is the Frobenius inner product between two matrices, and Ky and K9 are the Gram
matrices with respective entries x1(z;, z;) and ko(x;, x;), for all 4, j € {1,...,n}.

A(’%la R2; An) —

Ideal Gram matrix :
K*(i,§) = (W(x;),(x5)) = Wi, y;)

The kernel-target alignment criterion : Maximize the alignment with the target K™ in order
to determine the most relevant reproducing kernel for a given classification task

Linear combination of kernels : Consider the kernel expansion

and study the problem of choosing the a;.’s to max1m1ze the kernel-target alignment. In the m = 2

case.
(a1,a9) if ay,as >0
(a],a5) =<} (1,0) if ap<0
(Oa 1) it ] < O,
with
L{K, K¥) p — 2(K1, Ky) pa

o] = = and oy =
2 ||K1HF+)‘

LK |5 + \{Ko, K*) p — (K1, Ko) p(K1, K*) p
2 (1Kl + MU Rl +A) = (K1, Koy

where A > 0 arises from a regularization constraint penalizing ||c||?.

Time-Frequency Reproducing Kernels

Time-frequency distributions : Cohen’s class is defined by the distributions of the form

C2(t, f) = / / (v, 7) Aglw,7) 27U gy gy

where A, (v, 7) denotes the narrow-band ambiguity function of x, and ®(v, 7) is a parameter function.

Time-frequency pattern recognition : Conventional pattern recognition algorithms applied di-
rectly to time-frequency representations consist of estimating W*(¢, f) in the statistics

Y (x) = (15,00 = / / (¢, ) C2(t, f) dt df

to optimize a criterion of the general form (1).

Time-frequency reproducing kernel : The following positive definite kernel
o ~OD
ko(zi, zj) = (Cy,, Cr )

can be associated with any kernel machine to perform pattern recognition in the time-frequency
domain.

The representer theorem : The solution ¢*(z) admits a time-frequency interpretation,

V(@) = (¥*, Cy), with

n

U* = Zaj Cg)z_.

1=1

Combination of distributions
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Smoothed pseudo-Wigner distribution

Optimal Time-Frequency Distributions

Overview : Sclect time-frequency distributions by considering the maximization problem
(Ko, K*)

o ny/(Ko, Ko)p
where K¢ is the Gram matrix associated with C'¢.

{wo - a(t) = wo(?)

wi : x(t) = wi(t) + eI o)+l

ES
O" = arg max

The detection problem :

where ¢(t) is a quadratic phase modulation, ¢ is the initial phase, and w(t) and w;(t) are Gaussian
white noises with different variances.
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